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We prove that if A is a Lebesgue measurable subset of the real line, 
having positive Lebesgue measure then there exists a closed interval Z such 
that D(A n I) equals D(Z), where D(C) is the set of all real numbers c-c’ 
with c E C and c’ E C. We also prove that there exists a subset B of the real 
line such that B has positive outer Lebesgue measure and is of the second 
Baire category and such that B contains no subset that is symmetric about 
a point and at the same time either has positive outer measure or is of the 
second Baire category. 
A classical theorem in measure, due to Steinhaus [6], states that if A is 
a Lebesgue measurable subset of the real line and has positive Lebesgue 
measure, then the set 
D(A)= {a-a’:a,&‘4} 
contains a nonempty interval. 
The category analogue of the above result (due to Piccard) can be found 
in Oxtoby [S]. Namely, if B, a second category subset of R (the real line), 
has the Baire property (see [S]), then the set D(B) contains a nonempty 
interval. 
Since any subset B of R of the second category possessing the Baire 
property contains a set Z\P, where Z is a closed interval and P is a first 
category set contained in the interior of Z, it is immediate that 
D(Z\P)=D(Z) 
it follows that 
D(B nZ)= D(Z). 
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A subset A of R, of positive Lebesgue measure, however, need not 
contain an interval less a set of measure zero. Therefore, the above 
argument (used in the category case) cannot be used to show that 
D(A n I) = D(Z) 
for some closed interval 1 In fact, at first glance, it is not at all obvious if 
for each set A, of positive measure, there exists a closed interval I such that 
D( A n I) = D(Z). 
The first result in this note shows that this is indeed the case. In its proof 
T2 denotes the set {(t, t’); t, t’ E T} in the plane. 
THEOREM 1. Zf A c R is Lebesgue measurable and the Lebesgue measure 
of A is positive then there exists a closed interval Z such that D(A n I) = 
W). 
ProoJ Since each set A of positive measure contains a closed set of 
positive measure we may assume, from the outset, that A is closed. 
Furthermore, without loss of generality, we may assume that 0 is a point 
of density of A. Clearly 0 E A, since A is closed. By the definition of density, 
there exists an x1 E A, x1 > 0, such that 
m(A n [0, x]) 2 0.99x (*I 
for each x, 0 < x < x1. Here m(C) denotes the Lebesgue measure of the 
set C. 
We prove our theorem indirectly; namely we assume that 
D(A n CO, xl)#D(CO, xl) 
for every positive x and arrive at a contradiction. 
D(An [0, x1]) # D([O, x1]) and therefore there exists a number cl, 
0 < c1 <x1 such that I,, , the graph of the line whose equation is y = x + c, , 
has empty intersection with the set (An [0, xl])‘. This fact and (+), taken 
together, imply that 
m(A n (c,, xl]) 6 0.01(x, - cl). 
In addition, c1 #A, since otherwise 0, c1 E A contradicting 
I,, n (A n CO, x11)’ = 0. 
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We now proceed to the second step of our construction. The set A is 
closed and hence 
sup(x:x~A andx<c,) 
is in A. Let x2 denote this largest element in A that is less than c,; clearly 
(~2, c,l n A = $3. 
By assumption 
and, therefore, proceeding as above, there exists a number c2, 0 < c2 -C x2, 
such that I,,, the graph of the line whose equation is y = x + c2, has empty 
intersection with the set (A n [0, ~~1)~. This fact and (*), taken together, 
imply that 
m(A n (c,, x2]) d 0.01(x, - c2). 
Furthermore, c2 4 A. 
Let w, denote the first ordinal number whose cardinal is that of the 
continuum. Notice that if xb >O and cb >O have been defined for each 
b < a, where a < wC, and a is not a limit ordinal, then x, > 0 and c, z=- 0 can 
be defined as in the a = 2 case. 
If a is a limit ordinal then either 
inf(x,:b<a)=O or inf(x,:b<a)>O. 
In the former case we terminate the process; i.e., xb and cb are only defined 
if b <a. In the latter case, we continue the process. In this case we define 
x, by the equation 
x,=inf(x,:b<a) 
and define c, as before; i.e., 0 < c, < x, and I, (the graph of the line whose 
equation is y = x 5 c,) has empty intersection with the set (A n [0, x,])~. 
This process must terminate after countably many steps, otherwise we 
would obtain an uncountable collection of pairwise disjoint nonempty 
intervals, which is impossible. Furthermore, by the above, the process must 
terminate at a limit ordinal; i.e., there exists a limit ordinal a, a -C w, such 
that 
to, x,l = (, (cb, xbj u utxb, txb, cb’l, 
b<a 
(**I 
where the second union is taken over all b, b < a, that are not limit ordinals 
and b’ denotes the immediate predecessor of b. 
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Therefore (0, xi] is the union of countably many pairwise disjoint inter- 
vals; call them (I, : n E N), satisfying 
m(A n Zn) d (0.01) m(1,) for each n 
and, therefore, 
contradicting (*). Therefore there exists an x, 0 < x<x, such that 
D(A n [0, x]) = D( [0, xl), completing the proof. 
In [4] it is shown that if A and B are subsets of the real line having 
positive outer measure, then there exists an interval K such that the outer 
measure of the set (A + B) n K equals the length of K. Also, in [2], it is 
shown that this result implies the theorem of Steinhaus (presented in the 
first paragraph of this paper). 
In [ 11, motivated by the facts presented in the last paragraph, various 
theorems involving Lebesgue measurable sets of positive measure were 
examined to see if they could be extended to results about sets of positive 
outer measure. 
In [3], M. Kuczma proved that if A is a measurable subset of R, of 
positive measure, then A contains a measurable subset A’ of positive 
measure that is symmetric about a point. Kuczma also shows the category 
analogue of this result; namely, if B is a subset of R having the Baire 
property and is of the second category, then B contains a second category 
subset B’ that has the Baire property and is symmetric about a point. In 
light of the above it is natural to ask if the results of Kuczma can be 
extended to sets of positive outer measure and sets of the second category, 
respectively. The following theorem answers these questions in the negative. 
THEOREM 2. There exists B, a Bernstein subset of R, such that B 
contains no 4 point subset that is symmetric about a point. 
ProoJ: As before, let w, denote the first ordinal number whose cardinal 
is that of the continuum. The set of all uncountable closed subsets of R can 
be written in the form {F,},,,+. We proceed to construct two translinite 
sequences ~x,I,<~, and {Y,>.<,,. Let x, , y, be distinct elements in I;,. 
Suppose that a < w, and for each b < a xb and y, have been defined in 
such a way that 
(i) All of the elements x,., y,, c < b are distinct for each b < a. 
(ii) x,,, ~,EF~ for each b<a. 
(iii) For each b < a the set { x,:c d b} contains no 4 point set that is 
symmetric about a point. 
CLASSICAL MEASURE THEORY 207 
Since F, is an uncountable closed set F, has cardinality of the 
continuum. Since the cardinality of the set of all 3 point subsets of 
{x,:6 < u} is less than that of the continuum and a single point can be 
added to a 3 point set in at most three ways to obtain a 4 point set 
symmetric about a point, it follows that there exists an x, E F, such that 
x,${x,:b<a}u{y,:b<a} and such that 
contains no 4 point subset that is symmetric about a point. 
Clearly there exists an y,# {x,:b<a} u {y,:b<a}, with y,eF,. 
From this it follows, by transtinite induction, that there exists two full 
transtinite sequences {x,}, < wc and { y,} a < wc of distinct elements such that 
x,, y, E F, for each a and the set B = {x, :a < w,} contain no 4 point subset 
that is symmetric about a point. Since x, E A and y, $ A for every a < w,, 
it follows that B is a Bernstein set. 
Remark. Every Bernstein set has positive outer measure (in fact is full 
in the sense of outer measure in every interval) and is of the second Baire 
category (in fact is second category in every interval); see [S]. 
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